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Optimization of a combined thermionic–thermoelectric generator
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Abstract

A combined thermionic–thermoelectric generator is proposed in this paper. The thermoelectric generator makes use of the rejected heat

from the anode of the thermionic generator, and produces additional electrical power. The combined generator system has both improved

efficiency and power output. Optimization analysis of the combined generator is presented in this work.
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1. Introduction

Both thermionic [1] and thermoelectric [2] generators

employ the electron gas as the working fluid, and convert

thermal energy directly into electrical energy without

mechanical moving parts [3]. They are simple, reliable

and compact. A thermionic generator based on the ballistic

current flow is highly efficient, and its theoretical efficiency

is close to the Carnot efficiency [4–10]. A thermoelectric

generator, however, has poor efficiency due to the diffusive

current flow [2,3,10–13]. A thermionic generator usually

requires a high-temperature heat source (e.g. 1500 K) to

generate a practically useful current [1,3]. A thermoelectric

generator, however, can produce electrical power from low-

quality heat energy sources [14,15].

In this paper, we show that a thermionic generator can

provide approximately the same output in power and

efficiency while its anode temperature varies in a signifi-

cantly large range, as described in Section 2. Therefore, we

suggest connecting a thermoelectric generator thermally

to the anode of a thermionic generator, so that the heat

leaving the anode can be further utilized. Fig. 1 shows the

scheme of the combined thermionic–thermoelectric gen-

erator. This structure is different from the combined

thermionic–thermoelectric refrigerator proposed recently

[16]. In the combined refrigerator, the thermionic diode

and thermoelectric element are thermally connected in

parallel but electrically connected in series. In the com-

bined electrical generator, however, thermionic and ther-

moelectric devices are electrically separated, and the sole

communication between them is the heat exchange. The

optimal performance of the combined generator system is

discussed in Section 3.

2. Thermionic generator

This section will review the standard theory of a vacuum

thermionic generator. The analysis shows that both the

output power and the efficiency of a vacuum thermionic

generator are insensitive to the anode temperature over a

range. In the presence of space-charge effect, the potential

diagram of a vacuum thermionic generator is shown in Fig. 2.

The subscripts c and a denote the cathode and anode,

respectively. f is the work function of electrodes, and V

indicates the potential difference between the top of the

potential barrier (i.e. the potential minimum) and the Fermi

level. It is obvious that Vc;a � fc;a. VTI is the potential drop

across the external load, where the subscript TI is the

abbreviation of thermionic. Note that VTI has included the

potential drop in the necessary electrical connection to the

electrodes. Hence, we can avoid complicated calculations of

the conductive and Joulean heat arising from lead wires. It

follows that Vc ¼ Va þ VTI.

The net current density JTI (i.e. electrical current per unit

area of electrodes. The cathode and anode possess the same

emissive area) in the generator is equal to Jc � Ja with Jc and

Ja being the current densities from the cathode and anode,
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respectively, which are given by Richardson–Dushman

equation

Jc ¼ AT2
c exp

�eVc

kTc

� �
¼ AT2

c exp
�eVa

kTc

� �
exp

�eVTI

kTc

� �
;

(1)

Ja ¼ AT2
a exp

�eVa

kTa

� �
; (2)

where T is the absolute temperature of electrodes;

A ¼ 120 A cm�2 K�2, the theoretical thermionic constant;

e ¼ 1:60 � 10�19 C, the electron charge and k ¼ 1:38�
10�23 J K�1, the Boltzmann constant. The output power

density PTI and efficiency ZTI defined as the output power

density divided by the input heat flow density Qin at the

cathode, are then given by

PTI ¼ JTIVTI; (3)

ZTI ¼
PTI

Qin

¼ JTIVTI

JcðVa þ VTI þ 2kTcÞ � JaðVa þ VTI þ 2kTaÞ þ Pr

;

(4)

Pr ¼ esðT4
c � T4

a Þ; (5)

where Pr is the radiation heat power density from cathode to

anode, e the effective emissivity1 of the cathode and

s ¼ 5:67 � 10�8 W m�2 K�4, the Stefan–Boltzmann con-

stant. It has been assumed that the heat loss through the

structural support of cathode can be neglected.

At given operating conditions, PTI and ZTI are functions of

Va and VTI or JTI. The magnitude of Va is dependent on the

work function of anode fa and the space-charge effect as

well. It is already known that Va should be as low as possible

in order to obtain the optimum efficiency [4–10]. However,

the minimum attainable work function so far is approxi-

mately 0.7 Von semiconductor surfaces [17]. Therefore, we

choose Va ¼ 1 V as an example throughout this work. The

output power density and efficiency against JTI are illu-

strated in Figs. 3 and 4, respectively, for different anode

Fig. 1. Scheme of a combined thermionic–thermoelectric generator.

Fig. 2. Potential diagram for a vacuum thermionic generator.

Fig. 3. Output power density against current density for a vacuum

thermionic generator.

Fig. 4. Efficiency against current density for a vacuum thermionic

generator.

1 For radiation between infinite, plane-parallel electrodes, the effective

emissivity is given by eeff ¼ 1=½ð1=ecÞ þ ð1=eaÞ � 1	, where ec and ea are

the emissivities of the cathode and anode, respectively. In this work, we

assume ea ¼ 1 so that eeff ¼ ec.
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temperature Ta. From these figures, it is clear that there is a

sufficiently wide temperature range in which the perfor-

mance is approximately the same. Therefore, it is possible

that, without affecting appreciably the performance of the

thermionic generator, we can utilize a relatively large tem-

perature difference between the anode temperature Ta and

the room temperature to drive a thermoelectric generator, so

that additional electrical power can be produced. This

motivates us to propose a combined thermionic–thermo-

electric generator, which will be discussed in the next

section.

3. Thermionic–thermoelectric generator

In a combined thermionic–thermoelectric generator sys-

tem, the thermoelectric generator exploits the unused heat-

ing power at the anode of the thermionic generator, and has

independent return circuit as shown in Fig. 1. It is therefore

natural to optimize the thermoelectric generator so that both

the overall power output and efficiency of the combined

generator system can be maximized.2 We assume that the p-

and n-type thermoelements of the thermoelectric generator

are of both structural and characteristic symmetry except the

sign of the Seebeck coefficient.

For a thermoelectric generator at average transport coef-

ficients taken at the mean temperature of the device
�T ¼ ðTa þ T0Þ=2, the efficiency ZTE is given by

ZTE ¼ JTEaDT � J2
TErL

JTEaTa þ ðkDT=LÞ � ð1=2ÞJ2
TErL

; (6)

where DT ¼ Ta � T0 with the room temperature T0, JTE the

current density flowing through the thermoelectric generat-

ing system (different from JTI, it denotes electrical current

per unit area of thermoelements), a, r and k the Seebeck

coefficient, electrical resistivity and thermal conductivity of

thermoelectric materials, respectively, and L the length of

thermoelements. The subscript TE is the abbreviation of

thermoelectric. The maximum efficiency is found by solving

for the value of current density JTE;max which gives the

maximum efficiency ZTE;max,

JTE;max ¼ ðM � 1Þðk=LÞDT

a�T
; (7)

ZTE;max ¼ ðM � 1ÞDT

MTa þ T0

; (8)

M ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 þ Z�T

p
; Z ¼ a2

rk
; (9)

where Z is the so-called figure of merit.

As the thermoelectric generator is optimized, the overall

output power density P and efficiency Z of the combined

thermionic–thermoelectric generator system are given

by

P ¼ PTI þ PTE; (10)

PTE ¼ ðQin � PTIÞZTE;max ¼ Qinð1 � ZTIÞZTE;max; (11)

Z ¼ P

Qin

¼ ZTI þ ð1 � ZTIÞZTE;max; (12)

where PTE is the output power density of the thermoelectric

generator. P and Z are functions of JTI and Ta at a given Va. At

various Ta, we can determine first the corresponding opti-

mum VTI by solving

@P

@VTI

� �
Ta

¼ 0 and
@Z
@VTI

� �
Ta

¼ 0: (13)

Then, the maximum P and Z of the combined generator can

be calculated as well as the optimum JTI. If the length of

thermoelements L is given, JTE;max can be calculated from

Eq. (7). The cross-sectional area of thermoelements STE is

received from the energy conservation equation at the

junction between thermionic and thermoelectric generators.

That is

S½JcðVa þ 2kTcÞ � JaðVa þ 2kTaÞ þ Pr	

¼ 2STE
k

L

� �
ðTa � T0Þ

M

M þ 1

� �
2 þ ZTa

M þ 1

� �
; (14)

where S is the area of thermionic electrodes.

The properties of commercial Bi2Te3-based thermoelec-

tric materials are selected in our calculations. The specific

equations for computing these properties are listed in the

Appendix A. Figs. 5 and 6 show the performances with

respect to Ta in terms of the maximum power output and

Fig. 5. Output power density of the combined thermionic–thermoelectric

generator against the anode temperature Ta of the thermionic generator.

The other two curves for the thermionic and thermoelectric devices are

calculated from the parameters corresponding to the optimal combined

generator.

2 As described below, the anode temperature Ta is the sole parameter that

affects the performance of both thermionic and thermoelectric generators.

It is therefore reasonable to optimize the thermoelectric generator first with

respect to its operating current given a Ta.
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efficiency, respectively. As expected, there exists an opti-

mum value of Ta at which P or Z is maximized. In

comparison with the performance of a vacuum thermionic

generator as shown in Figs. 3 and 4, the performance

improvement of the combined thermionic–thermoelectric

generator system is obvious, especially the output power

density. Realizing that Bi2Te3-based semiconductors are

not the best thermoelectric materials over the tempera-

ture range of 300–600 K [18,19], one can expect a sig-

nificant increase in the performance if better materials are

employed.

4. Conclusions

We have shown that the combined thermionic–thermo-

electric generator system can provide not only more elec-

trical power but also higher efficiency than a vacuum

thermionic converter or a thermoelectric generator. Since

this combined generator system requires separate thermionic

and thermoelectric generating circuits, this may complicate

the system and its matching with external loads. Better

thermoelectric materials over the temperature range of

300–600 K or higher can further improve the performance

of the combined generator system.
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Appendix A

Commercial Bi2Te3-based thermoelectric materials

selected in this work are available from MELCOR, USA.

The property formulas with respect to the mean temperature
�T are given by [20]

a ðV K�1Þ ¼ ð22224:0 þ 930:6 �T � 0:9905 �T
2Þ � 10�9;

(A.1)

r ðOm�1Þ ¼ ð5112:0 þ 163:4 �T þ 0:6279 �T
2Þ � 10�10;

(A.2)

k ðW m�1 K�1Þ¼ð62605:0 � 277:7 �T þ 0:4131 �T
2Þ � 10�4:

(A.3)
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